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Arkani-Hamed, Cohen and Georgi (ACG) recently proposed the scenario that extra di-
mensions can be generated dynamically as low energy eective theory from a four-dimensional
gauge theory at high energy scale. We show that whether spontaneous symmetry broken
happens or not and what patterns it produces in the low energy range of ACG’s model can be
determined by noncommutative geometry. Three types of Yang-Mills actions for the discrete
extra spaces are devised, which give four classes of VEVs, hence four dierent low energy
phenomena, that can be examined by experiments.
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I Motivation
The intuition on the existence of extra dimensions can be retrospected to Kaluza and Klein
(KK) [1]; Manton revisited KK’s idea with the full knowledge of Weinberg-Salam model [2].
Connes-Lott model can be regarded as a noncommutative geometry (NCG) formalism of KK
theory [3], which also indicated the natural connection between KK model with an exotic inter-
nal space and NCG (see [4] for a general survey). The latest versions of the theories with extra
dimensions were discovered by Arkani-Hamed et al [5] and Randall, Sundrum (RS) [6] with a
strong background in string/M-theory (for review, see for example [7]). Equivalent description
of RS model in NCG was worked out by Lizzi et al [8]. However, these higher dimensional the-
ory suer from containing dimensional coupling constants, hence the renormalization procedures
become a subtle problem in all aspects, except for Connes-Lott’s discrete internal space model.
Most recently, Arkani-Hamed, Cohen and Georgi (ACG) considered a new type of extra dimen-
sion theory [9] to avoid the problem of dimensional couplings, which has stirred wide interests
in high energy physics community [10]. ACG model which is called (de)constructing dimensions
by themselves is characterized by that its UV behavior is a renormalizable four-dimensional
quantum gauge eld theory, while extra dimensions are generated dynamically at low energy,
therefore the four-dimensional eld theory plays the role of UV completion to the higher di-
mensional eld theory. In fact, low energy eective theory of ACG model can be understood
as an extended nonlinear sigma model from a four-dimensional point of view on one hand, or
equivalently a ve-dimensional gauge theory in which the fth direction is a periodic lattice
whose crystal structure would be washed out at IR limit on the other hand. NCG description of
ACG model has been explored by Alishahiha, stressing on the inclusion of gravity into original
ACG’s intuition where gravity is decoupled [11].
In a sense, ACG’s work is a general programme in which an inspiring and interesting intuition
is proposed; while Alishahiha’s NCG construction was concentrated at a formal level, especially
at the integrality of including gravity. From a phenomenological point of view, more interesting
aspects of ACG’s idea on the alternative introduction of extra dimensions should be the pat-
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terns of low energy physics, namely spontaneous symmetry broken (SSB) of gauge groups and
spectral of gauge boson within ACG (no fermionic degrees of freedom exist at low energy scale
in their concrete model construction), together with the distinction between ACG’s and other
proposal on extra dimensions. In this contribution, this problem of SSB at low energy scale in
ACG model is addressed, also within the framework of NCG. Indeed, as they stated in [9], linear
sigma models as low energy physics can be considered as well to generate the fth dimension,
with the advance for their renormalizability. When scalar elds in linear sigma model being
treated as a gauge eld along the crystal direction, their potential has mature technology to be
determined in NCG, providing that we assume relevant part of low energy eective lagrangian is
geometric for scalar elds just as for gauge elds (see for example [12]). The justication of the
last assumption is equivalent to that ACG’s goal to construct new dimensions out of dynamics
is achieved in a rigid sense, whose proof is not our purpose here. For the above-mentioned rea-
sons, linear sigma model approach to ACG model will be considered here with the aid of NCG;
and after NCG plays its role, one will nd the main result of our work, though without much
surprising, that whether SSB would happen in ACG model also becomes dynamical, contrasting
with ACG’s original picture in which SSB takes place in a denite pattern.
This paper is organized as the following way. In section II, preliminaries are prepared, mainly
on a more detailed introduction to ACG’s work and on NCG for cyclic groups. Three types
of gauge potentials in NCG sense are constructed for linear sigma model in section III, whose
implications on SSB patterns are argued. Some opening discussions are put into section IV.
Note that gravity will not be included all through this paper.
II Preliminaries
II.1 (De)Constructing Dimensions
Here a brief review is given to ACG’s proposal [9]. Suppose the Platonic physics is controlled




where N is an integer which is understood to be large. This gauge group is represented on a
collection of Weyl fermions,
χi  Rdef (Gi)⊗Rdef (Gis), ξi  Rdef (Gis)⊗Rdef (Gi+1), i = 0, 1, 2, ...,N − 1
in which Rdef (G) is referred to the definition representation of G, a representation R with an
overline is the complex conjugate representation of R and i+ 1 is computed modulo N which is
taken to be a convention henceforth in corresponding context. In mathematical literature, χi, ξi
are referred as a set of bimodules over the actions of gauge group. These elds contents can be
illustrated by a so-called moose diagram or quiver diagram, in which each factor of gauge group
is drawn to be a point, and each Weyl fermion is presented as an oriented edge connected two
and only two points, then a N -polygon is formed. In this paper, Gi = U(m), Gis = SU(n) for
all i = 0, 1, 2, ...,N − 1 with generic m,n. It shall be pointed out that the choice of Gi here is
more general than the original ACG’s consideration. Classical action functional is obviously in
this form
S[F i, F id, F
i
s , χ







tr(F i  F i)− 1
4g2d
F id  F id −
1
2g2s
tr(F is  F is) + χiD/χi + ξiD/ξi) (1)
where cyclic symmetries have been imposed for gauge couplings and gd is referred to the diagonal
gauge interaction in Gi that is supposed to be weak for large range of energy scales we are
interested. By the mechanism of dimensional transmutation, the gauge couplings g, gs can be
described as well by two energy scales , s respectively. Consequently, theory dened by Eq.(1)
is asymptotically free respected to Gis and nonabelian part of G
i when energy scale is highly
above s and . Here a phase location assumption is made by setting that s  . When
energy scale is lower down towards s, gauge interactions of Gis become strong and fermion
condensates happen in a way
hχiξii  4pif3sUi,i+1 (2)
where decay constant fs is of mass dimension and Ui,i+1 is U(m)-valued scalar eld transformed
as
Ui,i+1(x) ! Rdef (gi(x))Ui,i+1(x)Rdef (gi+1(x))y
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Below, let m = 1 for simplicity hence the subscripts \d" are omitted. The low energy eective
theory is then read as an extended nonlinear sigma model,







F i  F i + f2s (DµUi,i+1)yDµUi,i+1) + (irrelevant terms) (3)
where the covariant derivative is dened to be DµUi,i+1 = ∂µUi,i+1 − iAiµUi,i+1 + iUi,i+1Ai+1µ .
Action functional appeared in Eq.(3) is on the other hand a ve-dimensional gauge theory
where the fth direction is a periodic lattice with N sites. One can check the following relations
concerning geometric quantities. Lattice spacing a = 1/(
p
2gfs), circumference R = Na, ve
dimensional gauge coupling g5 = ag2. The fluctuation of the condensates Ui,i+1 breaks gauge
symmetry down to the diagonal subgroup along the fth direction and mass spectral of gauge
bosons are
Mk = 8g2f2s sin
2(pik/N) (4)
where k = 0, 1, . . . ,N − 1, and diagonal gauge coupling is g24 = g25/R. These are geometry
patterns and low energy physics patterns provided by ACG’s work. As pointed out by ACG,
scalar eld in Eq.(2) of a nonlinear sigma model can be substituted to be a linear sigma model
eld, while a quartic potential has to be considered in Eq.(3). We will explore this linear sigma
model approach towards ACG within NCG framework.
II.2 Noncommutative Geometry of Cyclic Groups
A comprehensive introduction to NCG can be found in [13]. Here only necessary tools are
prepared for the NCG on cyclic groups. Let ZN be an N -order cyclic group, parametrized as
f0, 1, 2, . . . ,N − 1g, whose multiplication is just integer addition modulo N . We just consider
N > 2 cases. A[ZN ] is the algebra of complex functions on ZN and there is a regular represen-
tation of ZN on A[ZN ] generated by T (f)(i) = f(i+ 1),8f 2 A[ZN ], i 2 ZN . For any nite N ,
TN = Id where Id is identity transformation on A[ZN ]; hence T−1 = (T+)N−1. A[ZN ] can be
endowed with a natural Hilbert space structure, then T−1 = T y.
A rst order dierential calculus over ZN is dened in abstract algebra as a pair (M,d) in which
M is an A[ZN ]-bimodule generated by two basis elements dZ, dZ together with a structure
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equation
dZf = T (f)dZ, dZf = T y(f)dZ (5)
for all f in A[ZN ], and d : A[ZN ] ! M is a linear map satisfying Leibnitz rule d(ff 0) =
d(f)f 0 + fd(f 0). It is easy to verify the following statement
df = ∂(f)dZ + ∂y(f)dZ
in which formal partial derivative is dened as ∂ = T − Id. Elements in M are called 1-forms.
Dierential calculus over A[ZN ] is a pair (Ω[ZN ], d), where Ω[ZN ] is the A[ZN ]-tensor product
of M ,
⊗
A[ZN ]M , quotient an equivalent relations generated by the nilpotent rule imposed upon
the extension of d over
⊗
A[ZN ]M by graded Leibnitz rule. After quotient, p-order tensor of
M are called p-forms and are collected in Ωp[ZN ]. More specifying, for all f in A[ZN ], if the
constraint is put as d(d(f)) = 0, then one gets a set of Cliord-like relations
dZdZ = 0, dZdZ = 0
d(dZ) = fdZ, dZg = d(dZ)
Subsequently, 2k+1-forms are generated by a basis (dZdZ)kdZ, (dZdZ)kdZ, for k = 0, 1, 2, ...
and 2k-forms are generated by a basis (dZdZ)k, (dZdZ)k, for k = 1, 2, ..., together with Eq.(5).
Other constraint can be added to implement dierent geometric intuitions, for example exterior
algebraic relation
fdZ, dZg = 0 (6)
A fermionic representation of the dierential calculus is a triple (H, pi,F) in which H is a Hilbert
space A[ZN ]⊗C2 equipped with a standard inner product under which T is extended unitarily
to be T ⊗ Id, pi is representation of A[ZN ] on H by multiplication, pi(f) = f ⊗ Id, 8f 2 A[ZN ],
and F is a Fredholm operator in a trivial sense in our case acting on H. F is dened to be
Tby +T yb in which b, by is a pair of fermionic annihilation/creation operators represented on C2
canonically, One can check that Fy = F, FF = Id. In NCG, (H,F) forms a Fredholm module and
quantized calculus is dened for A[ZN ] by ~d(f) = i[F, pi(f)] [14]. The fermionic representation
of Ω[ZN ] is an extension of pi through pi(df) = ~d(f) and homomorphic rule. One can check then
pi(dZ) = iT by, pi(dZ) = iT yb, and pi(dZ)y = −pi(dZ). Dirac operator on ZN is twisted F with
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a link-variable, F[ω] = ωyTby+T ybω in which ω is an EndC(Hc)-valued function on ZN with Hc
being an internal Hilbert space. A gauge transformation u is an U(Hc)-valued function on ZN
where U(Hc) is the unitary group on Hc; T yω, ωyT play the role of U(Hc) parallel transports,
providing that ω ! (Tu)ωuy. Below, only one-dimensional case Hc = C will be considered,
hence ω 2 A[ZN ]. Subsequently, ω = ρeiθ where ρ, θ are real functions, ρ(i)  0 and
ωy = ω, ωyω = jωj2 = ρ2
Two gauge invariants are needed in the next section,
F1 := F[ω]2 = T y(ωωy)bby + ωyωbyb = T y(ρ2)bby + ρ2byb, (7)
F2 := T y(ωωy)b ^ by + ωyωby ^ b = ∂y(ρ2)b ^ by =: F[ω] ^ F[ω] (8)
The introduction of wedge product is equivalent to the relation Eq.(6).
III Dynamics of Dirac Operator and Spontaneous Symmetry
Broken
The general philosophy to deduce potential for linear sigma model scalars is the equivalence
between four-dimensional sigma model description of Eq.(3) and ve-dimensional gauge theory
description of the same equation; hence, the potential is nothing but Yang-Mills action along
the discrete fth dimension, written with the guide of NCG. First, an identication must be
made that the N -site lattice generated dynamically from ACG’s proposal is identied to be a
cyclic group of order N . Then linear sigma model scalars are identied to be the link variables
ω in Dirac operator on ZN . All action functionals are built out of the gauge invariants F1, F2
dened at the end of last section; hence only ρ is relevant in the equation of motion for ω.
The most conventional choice of geometric action functional for ω is of quartic form
V [ω] = Tr(F 21 ), (9)
namely only nilpotent constraint are considered as introduced in the last section. Here the trace
is taken on H. Notice Eq.(7), and specifying a representation for b, by, V [ω]  ∑i ρ(i)4. Ob-
viously, this action admits only zero solution; consequently, no spontaneous symmetry broken
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happens under this choice of potential.





where 2 is lattice laplacian ∂∂y. Equation of motion is deduced by δρV [ω] = 0 (δθV [ω]  0),
ρ(i)(2(ρ2))(i) = 0,8i 2 ZN (11)
If there is one i0 such that ρ(i0) = 0, then the only consistent solution is ρ  0. Else if
ρ(i) 6= 0,8i 2 Z, let φ = ρ2, Eq.(11) takes on the form
2φ = 0 (12)
which is a discretized harmonic equation on S1. Eq.(12) admits only constant solution ρ(i) = ρ0,
which can be understood schematicly by the extremal value principle in commutative harmonic
analysis [16]. The low energy phenomenology corresponding to this case is a strange situation
since any non-negative constant fullls equation of motion and has the same energy V [ω].
In [15], Sitarz showed that within the context of NCG, there could be an additional term in
Yang-Mills action, which vanishes in continuum. Following this observation, a more general











in which coupling constant α is a non-negative real number, β is another real number and α, β













The equation of motion is given by
ρ(2tρ2 − T (ρ2)− T y(ρ2)− β) = 0 (14)
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where t := (2 + α)/2  1. In any circumstance, there exists at least a zero solution. It is easy
to see that if β < 0, α  0 or β = 0, α > 0, the zero solution is the minimum of V [ω], which
implies that no SSB happens. So below only case β > 0, α  0 will be considered.
First, let ρ(i) > 0,8i 2 ZN . Remember the denition of φ, then Eq.(14) changes its form as
N−1∑
j=0
[KN (t)]ijφ(j) = β (15)
in which N N matrix KN (t) is dened by

2t −1 0 0 . . . 0 0 −1
−1 2t −1 0 . . . 0 0 0
0 −1 2t −1 . . . 0 0 0
. . .
0 0 0 0 . . . −1 2t −1
−1 0 0 0 . . . 0 −1 2t


When t = cos(2pik/N), k = 0, 1, ...,N − 1, det(KN (t)) = 0. Note that if α = 0, no solution
exists for Eq.(15). For α > 0, KN (t) is reversible, thus the solution exists and is unique. The







Since φ(i) > 0, only positive β gives admissible solutions. Energy is computed to be V [ρ0] =
−β2/α which is the minimum. Accordingly, the same ACG type of SSB pattern is found out as
shown in Eq.(4).
Next, we consider the most nontrivial situation. Let’s rst consider a general case. Denote
R0 := fi 2 ZN : ρ(i) = 0g and suppose that R0 is not empty, then ZN is divided by R0 into
a collection of subsets Sa  ZN where each Sa = fia, ia + 1, ia + 2, . . . , ia + lag with la  1,
ρ(ia − 1) = 0, ρ(ia + la) = 0, ρ(ia + k) 6= 0, k = 0, 1, . . . , la − 1. Therefore, R0 cuts ZN into
disconnected segments Sa. Now we consider R0 contains only one point and without losing
generality, let ρ(N − 1) = 0, ρ(i) > 0, i = 0, 1, . . . N − 2. If we nd out a solution to this case,
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then this solution breaks translation invariance of ZN , which shows quite dierent low energy
phenomena from ACG’s idea. Some matrix algebra has to be prepared here. Introduce a matrix




2t −1 0 0 . . . 0 0 0
−1 2t −1 0 . . . 0 0 0
0 −1 2t −1 . . . 0 0 0
. . .
0 0 0 0 . . . −1 2t −1
0 0 0 0 . . . 0 −1 2t


is an nn matrix, and dene
Un(t) = det(Mn(t)) (17)
One can prove this iterative relation easily
U0(t) := 1, U1(t) = t, Un(t) = 2tUn−1(t)− Un−2(t), n = 2, 3, ... (18)





in which z = t 
p
t2 − 1 [17]. So (17) provides Chebyshev’s polynomials with another in-
terpretation. Note that all roots of Un(t) are real and lie in (−1, 1) and that Un(t) > 0,
if t  1, n = 0, 1, 2, . . .. Remember that t  1 holds in our cases, i.e. α  0. Now let
 = (φ(0), φ(1), . . . , φ(N − 2))T , I = (1, 1, . . . , 1)︸ ︷︷ ︸
N−1
T , then equation of motion (14) can be written
as MN−1(t) = βI. Thus, since β > 0 and scale φ = βv, = βV , then
MN−1(t)V = I (19)





j=0 Uj(t), ψn =
Σn(t)
Un+1(t)





fi,i+j(t)ψi+j(t), i = 0, 1, ...,N − 2 (20)
Since t  1, there is no singularity in v(i). Due to the positivity of Un(t) when t  1(α  0),
φ(i) > 0,8i = 0, 1, ...,N − 2, i.e. being physically acceptable. Solutions for N = 3 are given by




and those for N = 4 are
v(0) = v(2) =
2t+ 1
4t2 − 2; v(1) =
t+ 1
2t2 − 1
While energy for these two cases are
V [ω] = − β
2
2 + 2α
< 0, (N = 3)
V [ω] = −
3
4α
3 + 112 α
2 + 232 α+ 5
α2 + 4α+ 2
β2 < 0, (N = 4)
respectively. The low energy physics corresponding to this set of solutions containing two pa-
rameters α, β is implied by the gauge boson mass matrix M2 which is proportional to


φ(0) −φ(0) 0 0 . . . 0 0
−φ(0) φ(0) + φ(1) −φ(1) 0 . . . 0 0
0 −φ(1) φ(1) + φ(2) −φ(2) . . . 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . φ(N − 3) + φ(N − 2) −φ(N − 2)
0 0 0 0 . . . −φ(N − 2) φ(N − 2)


Some direct conclusion upon this mass square matrix can be gured out easily. M2 contains one
and only one zero eigenvalue, and M2 is semi-positive-dene, hence being a physically admissible
mass square matrix. To illustrate the dierent patterns by dierent dynamics, consider N = 3




while Eq.(16) gives (0, 3, 3)β/α, and N = 4 in which the spectral are
(0, 2, 1 + r +
√
1 + r2, 1 + r −
√
1 + r2)φ(0)
where φ(0) = β(α + 3)/(α4 + 4α2 + 2), r = φ(1)/φ(0) = 1 + 1/(3 + α), while spectral given by
Eq.(16) are (0, 2, 2, 4)β/α. For general conguration of R0, it is easy to imagine the low energy
physics contains ](R0) remnant gauge symmetries, where ](S) is the number of elements of a
nite set S.
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In conclusion, above computation shows whether SSB happened or not and the way of SSB are
controlled by dynamics of noncommutative Yang-Mills theory. No SSB happens when potential
is dened by Eq.(9); the solution Eq.(16) recovers the original ACG’s picture; a distinctively
new pattern is given by the solution Eq.(20) and its general cases of R0, where β > 0 for action
Eq.(13) (no SSB, when β  0); nally, low energy physics implied by the action in Eq.(10) is
still not being understood.
IV Discussions
It is worthy to note that the tool from NCG here to explore SSB in low energy ACG model
is almost the same as that we used to consider vacuum solutions for gravity on cyclic groups
[18]. This is a general character of noncommutative connection that gauge degree of freedom
and gravity are easily coupled.
The following problem is still not able to be fully understood. Standing in a four-dimensional
point of view, the (non)linear sigma model is spontaneous symmetry broken, whose low energy
remnant gauge symmetry is just the diagonal subgroup; while from a ve-dimensional point of
view, gauge symmetry is still preserved along the crystal-like fth direction.
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